Abstract. Solar models through evolutionary phases of gravitational contraction, pre-main sequence and MS phases, up to current age 4.5×10 9 yr. and 4.57×10 9 yr., were studied adopting different prescriptions for the equation of state (EOS) and different opacity tables.
Introduction
Recent improvements concerning radiative opacities and equation of state removed significant discrepancies between observations and theory of stellar evolution. Updated solar models (Turck-Chièze et al. 1993; Charbonnel & Lebreton 1993; Gabriel 1994a; Basu & Thompson 1996) are in good agreement with the solar helioseismic data.
In this work models are constructed for the Sun starting when model becomes stable against gravitational contraction, with different EOS and opacities, by using Ezer's stellar evolutionary code (EC) (Ezer & Cameron 1967; Yıldız & Kızıloglu 1995) . EOS of MHD (Mihalas et al. 1990 ; and references therein) which uses an approach known as chemical picture Send offprint requests to: M. Yıldız is based on minimization of the free energy and is applicable for stellar modeling. We have chosen opacity tables of OPAL (Iglesias et al. 1992) . Since those tables do not extend to low temperatures, Alexander & Ferguson opacity (1994) is used for outer layers of the stars. The models computed for comparison are obtained using Cox & Stewart (1970) (CS) opacity and EC EOS which takes into account degenerate electrons and pressure ionization in an artificial way. Since OPAL opacity, near the bottom of the convective zone, is larger than the CS opacity by a factor of about two, it strongly affects the structure of the convective zone. In performing the solar calibration, the lower luminosity due to enhancement of the opacity also in radiative regions is balanced by decreasing H (or increasing He) abundance. Thus, the abundance of H by mass may also be significantly altered.
It was shown that the MHD EOS removes significantly the discrepancies between the observational and the theoretical frequencies of the solar oscillations (Christensen-Dalsgaard et al. 1988 ). However we do not mention about the solar oscillations. The incorporation of the Coulomb interaction in EOS reduces both of the pressure and the energy. To compensate this reduction in pressure, the mean molecular weight per free particle, that is He abundance, becomes smaller, in contrast to the effect of OPAL opacity. The application of MHD EOS requires the calculation of ionization and internal energy of each chemical species. Avoiding the time consuming calculation of the Saha equation for the heavy elements, we use two different methods, namely, Henyey (Gabriel 1994b ) method and Gabriel & Yıldız method (1995) .
In Sect. 2 we present the basic features of the code. The EOS with its computational method and opacity used in the construction of the solar models are given in Sect 3. Sect. 4 is devoted to the influence of MHD EOS including the results of the two methods for the ionization and internal energy of heavy elements. In Sect. 5 we give the results of the solar models with different EOS and opacity.
Basics of the modeling
We solve the four non−linear differential equations of the stellar structure by the method of Newton-Raphson, from center all the way to the surface, with the surface boundary conditions given as
where P ph is photospheric pressure, τ is the optical depth taken to be 2/3, and the remaining symbols have the usual meaning. Mass fraction of heavy elements is taken to be 0.019. Chemical abundances of the solar surface found by Anders & Grevesse (1989) are chosen. Nuclear reactions are from Caughlan & Fowler (1988) . For convection, classical mixing length theory of Böhm-Vitense (1958) and Schwarzschild criteria are used.
Stellar models are employed mostly in comparative works. Therefore the accuracy of the code is very important. For this reason the code is modified to obtain more accurate models. In order to acquire a higher accuracy, two points derivative of thermodynamic quantities are replaced with quadratic ones. The relative changes of the physical variables become smaller than 10 −4 for each shell boundaries in the solution of the equation of stellar structure by the Henyey method.
Input physics

Opacity
In order to test the influence of the uncertainities in the radiative opacities we have used different sets of the opacity. The OPAL opacity is available for the temperatures larger than 6000 K, and implemented by the Alexander & Ferguson opacity table at low temperatures (OA). For the Sun, the transition point (T = 8000 K) is chosen such that it always belongs to convective region in all evolutionary phases of the Sun. So, small discrepancies may not cause any problem in the solution of finite-difference equations. We calculate the opacity by quadratic interpolation in chemical composition, T and R (R = ρ/T 3 6 ). Model 1 and 2 are obtained using the radiative opacity of CS. The opacity tables include three H-He mixtures in which H/He =4; 1; 0. Required opacity for the solar material is found by logarithmic interpolation between the three sets of the opacity tables.
Equation of state: minimization of free energy
The free energy is minimized in order to obtain the Saha equation which is required to find the number of particles in each degree of ionization. This is the chemical picture in which atoms and molecules are described as separate entities.
Since Fermi and Bose gases obey different statistics, their free energies, F , are different. But, disregarding signs, they have the same form:
where summation is over all quantum states i, µ is the chemical potential, i is the energy of this state, and k is the Boltzman constant. For Fermi (Bose) gas upper (lower) sign in Eq. (3) applies. Total number of particles, N , is given by the summation of the average occupation number over all quantum states, n i .
Degeneracy of electrons
The free energy of a gas of particles with half integral spin is not as simple as that of the photon gas in those regions of the ρ − T plane where the gas is partially degenerate and partially relativistic. In the region of interest, there is no analytic solutions of the EOS except at some points in which both degeneracy parameter λ (λ = µ/kT ) and relativistic parameter β (β = kT /mc 2 ) have extreme values. Therefore numerical methods should be employed for a semi-relativistic and semi-degenerate gas. As Q n functions introduced by Guess (1966) are better suited for numerical calculations than Fermi-Dirac functions, we express Ω e as
Like Ω e , the number density of electrons n e is an implicit function of λ and β. In terms of the functions Q n it is given as
where N e is the number of electrons in volume V . If λ >> 0 then perfect gas relation is recovered and λ for the nonrelativistic region can be given in terms of n e and T :
which corresponds to slightly degenerate or non-degenerate case. Then the energy and the pressure are given by the derivatives of the free energy with respect to the temperature and to the volume, respectively:
Boltzmann gas and partition function
Free energy for the Boltzmann gas can be written as follows
where N j i and B j i are number of i-type j-times ionized ions in volume V and partition function of these ions, respectively. Now, energy and pressure can be found for a Boltzman gas by differentiating F b given above. Since partition function is also a function of temperature and density (due to interaction between particles), its derivatives must also be taken into account:
and
where n Influence of interaction between atoms (ions) may obliterate some outer states of an atom. Electrons occupying these states are not bounded to the atom any more. This is known as pressure ionization. MHD have shown how to include the effect of pressure ionization into the partition function based onÜnsold's theory (Clayton 1968) . According toÜnsold's theory partition function can be written as
where w j i,k is the survival probability of the state k for a j-times ionized i-type atom with j less electron, g If the survival probability for any state is zero, neither this state nor higher states contribute to the partition function. Apart from thermodynamical consistency the survival probability given by MHD has important advantages. The partition function doesn't explode, and transition from bound to free states is continuous since w j i,k is continuous.
Coulomb interaction
At relatively high densities atoms are very close to each other. A bound electron may not preserve its original state under the influence of the Coulomb potential due to other charged particles in the plasma. The Coulomb interaction implies that slight changes occur in the energy and the pressure. An approximate expression for the Coulomb energy is given by Landau & Lifshitz (1969) as
where q e is proton charge and R D is Debye radius. Expression for pressure due to interaction is
As seen in Eqs. (13) and (14) both E c and P c are negative, since the Coulomb interaction causes a decrease in the energy and the pressure.
Saha equation
To find equilibrium number of particles it is necessary to minimize the free energy using stoichiometric relations describing ionization (or dissociation) processes. Then the Saha equation is obtained with ionization potential I l k of l-times ionized k-type atom:
where
with N being the total number of particles in the system including electrons. Two remarks are called for Eq. (15) which includes degeneracy of electrons and the Coulomb interaction. First, any additional term to the free energy appears with its partial derivative with respect to the number density of particles and as an argument of the exponential in the Saha equation. Second, both of the terms coming from the free energies of the degenerate electrons and the Coulomb interaction behave like processes lowering ionization potential. Therefore, some of the early works on EOS (Harris 1964; Graboske et al. 1969 ) treated ionization potential somehow as a function of the thermodynamical variables.
Computational method of EOS
The total energy and pressure of the plasma are the summation of the partial contributions of the effects discussed in the previous sections and the radiation term. Most of the physical quantities appearing in the equations for energy and pressure of different kinds of gases can be identified, explicitly or implicitly, in terms of number density of electrons. Therefore the EOS is calculated by iterating over the number of moles of electrons per unit mass, N e (Gabriel 1994b) . Then the problem reduces to solve the Saha equation for any given value of N e .
We implemented the whole procedure in our stellar evolution code in the following way. Starting from the center, an initial guess of N e is obtained by assuming the complete ionization, that is each species has charge Z i q e , which is sufficiently accurate for the center of a star. And then, in outer shells, the first guess of N e is taken as its last computed value in the previous shell, until the surface is reached.
From the value of N e , the degeneracy parameter Λ = e −λ is found from Eq. (6). In the transition region 0.0005 < Λ < 600.0, gas is partially degenerate and Λ can be recalculated from the fitting formula of Henyey (Gabriel 1994b; Yıldız 1996) . Because of the low abundance of heavy elements in the solar mixture, probably it is unnecessary for those elements, to calculate the quantities such as partition functions and the number of elements at any degree of ionization, with high accuracy. Only for H and He very precise calculations need to be done.
In order to save computer time, all that is needed is to calculate the effective degree of ionization (i.e., effective charge of each element)
Then, there is no need to solve the Saha equation. Two methods are used to compute the effective charges of 12 C, 14 N, 16 O, 20 Ne and the binding energies of these atoms (ions). The first one is Henyey's fitting method (Gabriel 1994b; Yıldız 1996) which uses N e kT and the chemical potential of electron µ e as input parameters. The second method is due to Gabriel & Yıldız (1995) , which is similar to Henyey's method but more precise. It takes into account Debye radius as an additional parameter.
Since heavy elements are rare in the atmospheres of the stars only the molecules of hydrogen, H 2 , H + 2 , and H − are considered. The abundance and the energies of these molecules are solved by the method of Vardya (1961) .
Influence of MHD EOS
In order to compare the results and the influence of MHD EOS, the required density, temperature and chemical composition are taken from a model of the present Sun (Model A, see Table 1 ). Henyey method is used for ionization of heavy elements, unless stated otherwise.
Contribution of the Coulomb interaction, the degeneracy of the electrons and derivative of the partition function to the total pressure can be seen in Fig.1 . For the Model A P/(P − P ) is plotted with respect to log(T ) of temperature from surface to the center throughout the solar model, where P is the total pressure, and P is any of fractional contribution to the pressure. Thin solid line is for the Coulomb pressure. The ratio is less than or equal to one, since the Coulomb term causes a decrease in pressure. At the surface the Coulomb pressure is zero. As the temperature and the density, and therefore the degree of ionization increase, fractional change becomes a few percent. Contribution of the Coulomb potential to the total pressure is maximum (6%) between log(T ) = 4.6 and 4.7, at which point the most abundant species (hydrogen and helium) are completely and singly ionized, respectively. This means that the Debye radius is sufficiently small. As the temperature and the density increase the contribution becomes smaller, until partial degeneracy of the electrons sets in near the center of the Sun. The pressure of the degenerate-electrons calculated by Henyey fitting formula (also calculated by method of Yıldız & Eryurt-Ezer (1992) using Guess functions, the difference is less than 0.01%), represented by dots, deviates from one at the central part. Here N e kT is subtracted from the total electron pressure. At the center of the Sun degeneracy parameter (λ) is equal to −1.559 which implies a slight degeneracy, and the contribution of degenerate-electrons is about 2%.
Thick solid line in Fig.1 . is a superposition of three Gaussian curves. From left to right, the first one is dominantly the density derivative of hydrogen partition function which is maximum (≈ 0.5%) at log(T ) ≈ 4.5. Second one is due to the density derivative of He partition function, which is maximum at about log(T ) ≈ 4.75 and its contribution to the total pressure is less than 1%. Last one is due to the density derivative of He + partition function, which is non-zero in an important part of the solar interior but with a lower contribution to the total pressure than the others. The base temperature of the convective zone in the Model A is about 2.14 × 10 6 K. This corresponds to a point (log(T ) = 6.3) at which He + starts to appear. The Saha equation, Eq (15), is solved exactly for H and He. Results obtained from Henyey method, the effective charges divided by the atomic numbers of each element, throughout the Model A, are given in Fig.2 . Due to its low ionization potential hydrogen (solid line with asterisks) is rapidly completely ionized (at log(T ) ≈ 5.2). For the effective charge of He (solid line with circle) two phases are seen. Even at the center, none of the heavier elements, C (solid line), N (dashed line), O (solid line with triangle), Ne (dashed line with asterisks) are completely ionized. Owing to rough calculation, each line of the heavy elements cross each other near the center. On the other hand, at the center the radiation and the gas pressure (and energy) are sufficiently large, therefore the computed values are within an acceptable range. This is not the case at the surface where binding energy has an important role in the total energy. While H and He are neutral, each of the heavier elements is in the state of first ionization.
A physically more reliable method is that of Gabriel & Yıldız (1995) . As seen in Fig.3 , at the middle of the Sun, ionization degrees of the heavier elements are a little bit smaller than, but comparable to those given in Fig.2 . At the center and at the surface, the values of ionization degree are not in contradiction with the basic truths of atomic physics. All atoms are neutral at the surface. Ionization of C starts before H, and ionization of N, O,and Ne starts after H but before He, as expected from the atomic physics.
The effect of the MHD EOS on the adiabatic gradient is shown in Fig.4 . There we plot the ratio of the adiabatic gradient resulting from the Gabriel & Yıldız (solid line) and from the Henyey method (dotted line) to the value obtained with EC EOS are given. Both are larger than the old gradient, and three peaks correspond ionization zones of H, He and He + .
Results and discussion
Recently we have gathered very important information about the internal structure of the Sun by helioseismological investigations. Distance of the convective zone from the center of the Sun is determined from p-mode oscillations as 0.713 ± 0.003 R by Christensen-Dalsgaard et al. (1991) . Photospheric abundance of He by mass is found as 0.242 ± 0.003 (Hernandez & Christensen-Dalsgaard 1994) . There are several attempts to determine the central density of the Sun from helioseismological data. Results obtained by Dziembowski et al. (1994) are in between 130−150 g cm −3 , while Gough & Kosovichev (1988) quote ≈ 160 g cm −3 and Vorontsov & Shibahashi (1991) quote a range of 110 − 115 g cm −3 . Two sets of the solar data are used in the calculations. In one set (D1), the age of the Sun is taken as 4.5 × 10 9 yr., and its luminosity and radius are 3.90 × 10 33 erg s −1 and 6.951 × 10 10 cm, respectively. In the other set (D2) (case C below), the luminosity and the age of the Sun are taken from Bahcall et al. (1995) , namely L = 3.8440 × 10 33 erg s −1 and t = 4.57×10 9 yr. The radius of the Sun is R = 6.9598×10 10 cm (Sackmann et al. 1993) . In both of the sets the solar mass is 1.985 × 10 33 g. For different combinations of EOS's and opacities and for different solar data, starting from threshold of stability point at which gravitational and internal energies are nearly the same, we constructed a series of evolutionary models for the Sun. Each model given in Table 1 is obtained by changing initial mass fraction of hydrogen, helium and convective parameter α, in order to fit the Sun's luminosity and radius to the present data, with different accuracies. The first column in Table 1 represents the initial abundance of He by mass, and α is given in the second column. The depth of the convective zone in terms of solar radius, R c /R , is shown in the third column, and base temperature of the convective zone, T b , is in the fourth column. Last five columns are the effective temperature (T ef f ), the central temperature (T c ), density(ρ c ), abundance of hydrogen by mass at the center (X c ), and the central pressure (P c ), respectively (in cgs). All the models, except Model C, is with D1.
The first three models are constructed with an accuracy of a few percent, and the fourth model with an accuracy of 0.5%. Models A, B and C are more precise models (accuracy is 10 −4 ). The difference between the Model A and the Model B is the method of heavy element ionization. The latter (also Model 4) uses Henyey's method (MHD+H), the former is obtained by the method of Gabriel & Yıldız (MHD+GY) as the Model C.
When we compare each of the first four models with the model of the same EOS but different opacity (Model 1 with 3, and Model 2 with 4), it is seen that OA opacities strongly influence the structure of the Sun. The enhancement of the opacity (OPAL) below the convective zone enlarges the zone's size toward the center of the Sun. When MHD is used, OA opacities enlarge the convective zone by about 40%, and by 35% if EC EOS is used. Increase in base temperature of convective zone is about 61% with MHD EOS and 67% with EC EOS whenever OA opacities are employed in place of CS opacity. While He abundance by mass is exceeding the helioseismological result, the central density is about 150 g cm −3 , and the base temperature of the convective zone is larger than 2 × 10 6 K in the models with OA. Because of increase in opacity, less energy reaches the surface. This is compensated by an increase in He abundance. The convective parameter alpha increases by about 30%, when OA is employed in place of CS.
If we compare Model 1 with 2, and Model 3 with 4, it becomes obvious that the depth and the base temperature of the convective zone is not very sensitive to the EOS. The values of He abundance and α are changed by EOS. Incorporation of the Coulomb interaction reduces the energy and pressure by some fraction. In order to compensate this reduction in pressure, mass fraction of He (or molecular weight per free particle) decreases by about 6% in case of CS, and 10% in case of OA opacities. The only difference between the ways that Model A (Gabriel & Yıldız) and B (Henyey) are obtained, is the calculation method of the ionization of heavy elements and their internal energies. There are small differences between these models. The convective parameter α of Model A is a little bit larger than that of Model B, since the pressure scale height (the number density of electrons) of Model A in outer layers is less than that of Model B.
The small differences between Models B and 4 are due to low accuracy of Model 4. The Models A (D1) and C (D2) have different solar data. The Model C has lower luminosity and higher age than the Model A.
In Table 1 (1996) . Similar to our models, all the models obtained by different authors are standard models, that is there is no rotation, no diffusion process and magnetic field is negligible. Except model of CGK, the initial mass fraction of He in Models A, B and C is a little bit larger than those found by other researchers. The extreme model of CGK, which has the largest value of He mass fraction, base temperature of the convective zone, and the central temperature, has an age of 4.66 × 10 9 yr. The EOS of CGK is very similar to EC EOS, and Iben's fitting formula (1975) is used for opacity. The model of CDR which has the same solar data as Model C except the solar mass and heavy element abundance, is obtained by using both the EOS and the opacity of OPAL. The significant difference between these two models is in He abundance due to their data of high solar mass and low metallicity. The other models take the age of the Sun as 4.6 × 10 9 yr. Therefore, their He mass fractions are closer to, but less than, that of our models with OA and MHD EOS. Almost all the models use the same nuclear reaction rates of Caughlan & Fowler. Model of CL, which uses OPAL opacity and tables of MHD EOS, is close to our best models. There is a small difference in the value of α (the difference in He mass fraction is due to different age of the Sun). This difference stems possibly from their different heavy element abundance and low opacity table. They use different initial mixture for heavy elements. Model of BU includes the Coulomb interaction in EOS and the Los Alamos Opacity (Cox et al. 1991) . The physical variables which determine the structure of the Sun is summarized in Table 2 . These values (in cgs) are from the Model A which has the accuracy of 10 −4 and is obtained by using MHD+GY and recent opacities. For accuracy of the model, number of shells is increased to 739, during the evolution. The energy that the Sun radiates is produced within the inner 0.25 M core. Convective zone is between shells 256 and 727, where radiative temperature gradient exceeds adiabatic temperature gradient. Its mass is only 2% of the total mass of the Sun, and its distance to the center is 0.724R . The total internal energy in outer shells is negative, since binding energy of an atom having electronic configuration is considered negative.
Our conclusion is that solar models obtained by MHD EOS and OPAL opacities are in closer agreement with the results the helioseismology. The remaining small differences can be removed by taking into consideration the diffusion process of He and heavy elements. With MHD EOS and OPAL opacity, and with diffusion process, Basu & Thompson (BT) (1996) gives the distance from bottom of the convective zone to the center as 0.714 R . When one incorporates diffusion processes, Bahcall et al. (1995) emphasize that the decrease in mass fraction of He is about 10% which gives better agreement with the observation. From Table 1 , one sees that the main effect upon the initial He abundance is provided by the adoption of the recent opacities which tend to increase the abundance, while the MHD EOS has a smaller effect in the opposite direction Structure of the Sun is not very sensitive to the methods of Henyey (Model B) and Gabriel & Yıldız (Model A) for the ionization of heavy elements. But the method of Gabriel & Yıldız is better than Henyey method for rapid fitting processes, and, near the surface of the Sun, it gives neutral heavy elements as expected.
